Journal of Approximation Theory 92, 1-21 (1998)
Article No. AT973115

Some Applications of the Robin Function to
Multivariable Approximation Theory

Thomas Bloom*

University of Toronto, Toronto, Ontario, Canada M5S 3G3
Communicated by V. Totik
Received November 6, 1995; accepted December 3, 1996

Let EcC” be compact, regular, and polynomially convex with pluricomplex
Green function V. Given a sequence of polynomials {p;};_, , _, the first result is
a condition for (lim (log |p;(z)|/deg(p;)))* to equal V; on C"— E. The condition
involves the Robim function of E and the highest order homogeneous terms of the
p; and generalizes one-variable results of Blatt-Saff. A second result gives a
necessary and sufficient condition for £, the uniform limit of polynomials on E, to extend
holomorphically to Er = {z | ¥(z) <log R} for R> 1. The condition involves highest
order homogeneous terms of best approximating polynomials to f'and the Robin func-
tion of E and extends results of Szczepanski.  © 1998 Academic Press

1. INTRODUCTION

Let £ < C be compact with a connected complement. Let G(z) denote
the Green function of the exterior of E with logarithmic singularity at oco.
We assume FE is regular (in the sense of potential theory). This means that,
if we extend G(z) to a function defined in the entire plane by setting
G:(z)=0 for z € E, then we obtain a function (still denoted by G ) which
is continuous on C. In particular, the logarithmic capacity of E, denoted
cap(E), is non-zero. Let W(E) denote the closure, in the uniform norm on
E, of functions analytic on a neighborhood of E.

In their paper [2], Blatt and Saff prove the following results.

LemmA 1.1 [2, Lemma 4.2]. Let {p,(2)},_1. . .. be a sequence of poly-

nomials p,(z) =a,z'+ --- (lower order terms), a, #0, satisfying
lim [p,| /=1 (1.1)
d— oo
lim |a,|"= ! (1.2)
dooo ¢ cap(E)’ '
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Then Gg(z) is an “exact harmonic majorant” ( for definition see [2]) for
{pu(z)} on C—E.

THEOREM 1.1 [2, Theorem 2.1]. Let f€ W(E) and, for each d=1, 2, ...,
let B(z)=b, z%+ --- + (lower order terms) be the best approximant to f (in
the uniform norm) from 2, (the space of polynomials of degree <d in one
variable). Then f is not analytic on E if and only if

1
cap(E)

(1.3)

lim [, "=
d— o

A related result of Wojcik [17] is

Theorem 1.2 [ 17, Theorem 3]. Under the hypothesis of Theorem 1.1, f
has an analytic extension to Ey for some R>1 if and only if

lim |b, |V '<———.
din;lc 1bal Rcap(E)

(1.4)

Here Ex={zeC | G.(z) <log R}.

In this paper we will give multivariable versions of these results.

Let Ec C” be compact, polynomially convex, and regular (in the sense
of pluripotential theory) with pluricomplex Green function ¥ (z). One
definition of V(z) is

1
Vi(z)= —1 1.5
)= s (g oe (o) | (15)

where the sup is over all polynomials p. (For the equivalence of this defini-
tion and (2.6) see [12].)

Theorem 2.1 and Corollary 2.1 show that V(z) may be obtained as a
pointwise upper envelope as in (1.5) or as a lim sup but using a subset of
all polynomials. The subset is characterized by the homogeneous terms of
highest order of the polynomials and the Robin function of E (see (2.15)).
This generalizes condition (1.2) of Lemma 1.1.

In one complex variable, the Tchebyshev polynomials (suitably nor-
malized) satisfy the conditions of Lemma 1.1. Theorems 2.2 and 2.3 use
Theorem 2.1 to give certain generalizations of this to the case of several
variables. (See also Example 2.1.)

The proof of Theorem 2.1 relies on results in pluripotential theory due to
Bedford and Taylor [3].

Theorem 3.1 gives necessary and sufficient conditions for fe W(E)
(defined as in the one variable case) to be analytic on E (ie., on a
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neighborhood of E) or, given R>1, to have an analytic extension to
Er={zeC"| Vy(z)<log R}. Both (3.5) and Corollary 3.1 involve a con-
dition for every point in P"~', ie., for each complex line through 0 C”"
These results generalize Theorems 1.1 and 1.2 to the multivariable setting.
Theorem 3.2 gives an estimate for Tchebyshev polynomials in several
variables and is of independent interest. An alternate proof of Theorem 3.2
has been given by Siciak [13].

Szczepanski [ 14] has given necessary and sufficient conditions for f to
extend holomorphically to E,. We show that conditions (3.4) and (3.5) of
Theorem 3.1 imply the results of Szczepanski. An explicit example where
(3.4) is sharper than the result of Szczepanski is given in Example 3.1.

I thank J. Szczepanski for pointing out an error in an earlier version of
this paper.

2. THE PLURICOMPLEX GREEN FUNCTION

We first recall some notation and terminology used in pluripotential
theory (a general reference is the book of Klimek [5]). Let . denote the
plurisubharmonic (p.s.h.) functions on C” of logarithmic growth

#={u|uis psh. on C"and u(z)<log™ |z| + C} (2.1)
where |z| = (37_, |z;]*)"? and log * |z| = Max(0, log |z|). Let
#.,={uluis psh. on C"andlog ™ |z| - C<u<log™ |z| + C}. (2.2)

The constants C in (2.1) and (2.2) may depend on wu.
For ue ¥ we define

pz)= Tm  {u(iz)—log™*|iz|} (2.3)
Al = + 0
L1eC

and

puz)= T {uliz) ~log |}, (24)
LeC

Following the convention used by Bedford and Taylor [3] we consider
p,, to be defined on P"~! (complex projective (n— 1)-space) and refer to it
as the Robin function of u. (In the literature, the function p,(z) is some-
times called the Robin function of u). We let [z] denote the point in P" !
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determined by ze C"— {0}, and we will use the notation p,([z]) for the
value of the Robin function at this point. Clearly,

pllz]) =puz)—log|z|  for zeC"—{0}. (25)

Let E<=C” be a compact set. Its pluricomplex Green function, denoted by
Vg, is defined by

Vi(z)=sup {u(z) |ue ¥ andu<0on E}. (2.6)

E is said to be regular if V is continuous on C”. For E regular the Robin
function of E, denoted by p, is defined to be the Robin function of V.
If E is polynomially convex and regular then V;(z)=0 if and only if z€ E.

ProrosiTiON 2.1. (i) Let ue %. Then p, is p.s.h. on C".
(ii) Let ue L. Then p, is upper semi-continuous (u.s.c.) on P" 1.

(1) Let u,ve . Suppose that p,=p, almost everywhere (a.e.) on
P"~'. Then p,=p, at all points of P"~".

(iv) For E regular, p is continuous on P"~".

Proof. (i) (see also [13], [18]) We define the function
i(t, z) =log |t| + u(z/t) for (z,z)eCxC” with t#0 (2.7)
and

#(0,z)= lim s &). (2.8)
(£,€) > (0, 2)
1£0
Then # is p.s.h. on C x C” by [5, Theorem 2.9.22].
Using [ 4, Proposition 5.1] one deduces that

#0,z)= lim (s, z) (2.9)
(t,z)—> (0, 2)
t#0
and so
p.(z)=1(0, z) for zeC (2.10)

and (1) follows.
(i1) follows from (i) and (2.5). (iii) follows from (i), (2.5), and [5,
Corollary 2.9.8]. (iv) is a result of Levenberg [6] (also proven in

(13D 1

For u a locally bounded p.s.h. function on C”, (dd‘u)" denotes the
Monge-Ampere operator on u. This is locally finite positive Borel measure
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and for u e &, it is a finite measure on C" (see [5, 15]). (dd“V )" has sup-
port in E.
Lemma 2.1 below is similar to results in [3].

LeMMA 2.1. Let EcC" be compact, regular, and polynomially convex.
Let ve & satisfy v(z) < V(z) for all ze C". Suppose that p,=pp for all
[z]1eP" ' Then v(z)=V(z) for all ze C"—E.

Proof. Choose ¢ so that log|z| —¢c<0 on E. Let w=Max(v,O0,
log|z|—¢). Then we Z,, p,=pr and w(z)<Vg(z) for all zeC" By
Theorem 6.1 of [3] we have

j VE(dd“w)”<j Ww(dd<V )", (2.11)

n

Now, the right-hand side of (2.11) is zero since supp(dd V)" < E. Hence,
since the left-hand side of (2.11) is non-negative, we have

f V o(ddw)" = 0. (2.12)
o

Since V(z)>0 for all ze C"— E, we conclude that C"— E is a (dd ‘w)" set
of measure zero. Thus V< w for (dd“w)" almost all points in supp(dd ‘w)".
Now using Lemma 6.5 of [ 3] we conclude that V(z) <w(z) for all ze C".
Thus V(z) =w(z) for all ze C" and since V;(z) >0 and V(z) >log |z| — ¢
for ze C"— E we have Vi(z)=v(z) for ze C"—E. |

For p a polynomial of degree d in n variables we let p(z) denote the
homogeneous polynomial, sum of terms of degree 4. That is, for
D=2 u<a @, 2" With a, #0 for some «, |x| =d then p=3",,,_,a,z" Condi-
tion (1.2) may be written as

. 1 .
Tim <dlog |pd<z>|>—1og 2= s (2.13)

where p=log(1/cap(E)) is the Robin constant of E. Thus (2.15) is a mul-
tivariable version of (1.2).

We will use the following standard notation. Let f be a function defined
on an open set H< C”. We let f* denote its u.s.c. regularization. That is,
for ze H, f*(z)=Tm, . f(&).

THEOREM 2.1. Let E < C" be compact, regular, and polynomially convex.
Let {p;},_1.2 ., be a sequence of polynomials satisfying
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lim |p,||}/eri=1, (2.14)
Jj—

. 1 *
fim lo ”-(z)|}> —log ||
<m{deg(p,«> gls, £

=pu([z]) forall zeC"—{0}. (2.15)

Then

<j1ﬂ{d 1( . g|pj(z)|}>*=VE(z) forall zeC"—

Proof. Let v=(lim,_, ,{(1/deg(p,)) log |p;(z)|})* Then v is plurisub-
harmonic on C” [5, Prop. 2.9.17]. We will show that v satisfies the
hypothesis of Lemma 2.1 and then Theorem 2.1 will follow. First, from

(2.14) we have that for every ¢ > 0 there exists j, such that

log |p;(z)I<e  on E for j= j,.
deg(p;) ! 0

Hence (1/deg(p;)) log |p;(z)| <&+ V(z) on C" for j = j, and we conclude
that v(z) < Vg(z) for all ze C".

This implies that p, < p, for all [z]eP”~' and so to show that p,=p
for all [z] € P™ we need only to show that p, = p for all [z]eP"~!. We
will use a method of Zeriahi [18].

For u be subharmonic on C and in the class ., the log convexity of
Max ; _, u(4) implies that

lim u(A)—log |A| = inf(Max u(A) —log r). (2.16)

|A] = oo r=1 |Al=r

Fix ze C"—{0} and apply (2.16) to the function of the single complex
variable A,

1
- log |p;(A2)].
deg(p,) =

We obtain

log [5;(2)] _ <10g|p«"(/12)|—10gr>. (2.17)

RS ax
deg(p,) ~1=r\ deg(p)
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Taking lim of both sides, and using Hartogs’ Lemma [ 5, Theorem 2.6.4 ]
on the right-hand side of (2.17) we have

— log |p;(2)| — <10g |p;(42)] >
lim ——2——=<Max lim | —————logr ). (2.18)
i~ deg(p;) [Al=rj— oo deg(p;) g

The right side of (2.18) is

< Max (v(Az) —log r).

1A =r
Letting r - oo, we have

fim log |ﬁj(z)|

MM deg(p,) Bl sz

Using (2.15) and the fact the p, is us.c. on P"~! we conclude that
pe([2]) <p.([2]) for all [z]eP"~".

COROLLARY 2.1. Let {p;};_\ , . be a sequence of polynomials satisfying

lpile<1, (2.19)
1 *
(50 ( gogrpy 0B 1921 ) ) —tox I
=pe([2]) for all zeC”—{0}. (2.20)

Then

1 %
<sup < log |pj(z)|>> =Vg(z) forall zeC"—E.
j deg(ﬁ/)

Proof. This can be deduced from Lemma 2.1 in a similar fashion to
Theorem 2.1. ||

Remark 2.1. Using Proposition 2.1(iii) the equality in (2.15) may be
replaced by equality a.e. in P"~! and the conclusion of Theorem 2.1 is still
valid. The case is similar for (2.20) and Corollary 2.1.

Given a homogeneous polynomial H(z) of degree d we denote by
Tch,(H) a Tchebyshev polynomial for E with leading term H. That is,
Tchz(H)= H+ h where h is a polynomial of deg <d—1 and |H+ h| <
|H + hy ||  for all polynomials %, of degree <d—1.
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Of course, Tch(H) is, in general, not unique, but, since the norms of
any Tchebyshev polynomials are all the same, |Tchy(H)||p is unam-
biguously defined.

Let 4 be a finite Borel measure on E. u is said to satisfy the Bernstein—
Markov inequality if for all ¢ >0 there is a constant C = C(¢) > 0 such that,
for all (analytic) polynomials P,

1Pl < C(1+&)* = | Pl 12 -

It is known that the equilibrium measure on E satisfies the Bernstein—
Markov inequality [ 16]. Since E is regular, it is non-pluripolar (see [5]).
Hence if || P|| ;=0 for an analytic polynomial P, then P =0. It then follows
from the Bernstein—-Markov inequality that the monomials are linearly
independent in L*(E,u). We consider the n-multi-indices as ordered
lexicographically and denote by {P,(z)} the orthonormal polynomials
obtained by using the Gram—Schmidt procedure on the monomials. Here
aeN” is an n multi-index and P,(z) is a linear combination of z* and
monomials of lower lexicographic order.

THEOREM 2.2. Let E = C" be compact, regular, and polynomially convex.
Let u be a finite positive Borel measure on E which satisfies the Bernstein—
Markov inequality. Then

1 . *
<lim ﬂ log |Tchy Pa(z)|> =Vg(2) forall zeC"—E.
o o

Proof. 1Tt is a result of Zeriahi [ 18] that, under the above hypothesis
lim, (1/|e]) log |P,(z)| —log |z| = px([z]) for all zeC"—{0}. Further-
more, for all a, |Tch, P, (2)] <[Py z)]z<C(1+¢)* where the right-
most inequality follows from the Bernstein—-Markov inequality. Thus, the
family of polynomials {Tch, P,(z)},.n» satisfies the hypothesis of
Theorem 2.1 and Theorem 2.2 follows. ||

Let we C” with |w| =1. Consider the constants
ky=kK4(E, w)=inf{|]p| z | p is a polynomial,
deg(p)=dand |p(w)| =1}. (2.21)

It is easy to see that x,,,<w,x, for d, s positive integers and we set
[1, Corollary 4.9.20]

k=k(E, w)= lim (r,)"= inf x/7. (2.22)

d— o d=1
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In the case of one complex variable, x is the Tchebyshev constant of E.
The next proposition is a generalization of the classical relation between
the Tchebyshev constant and the Robin constant. A proof has been given
by S. Nivoche [ 7, Proposition 4.27]. See also [13].

ProPOSITION 2.2. Let EcC" be compact and regular. Then x(E, w)=
exp( —p([w])).

Lemma 1.1 holds for the Tchebyshev polynomials suitably normalized.
Example 2.1 shows that, in the several variable case, the family of polyno-
mials consisting of Tchebyshev polynomials for all monomials does not, in
general, have the multivariable property corresponding to the conclusion of
Lemma 1.1 (i.e., with the pluricomplex Green function replacing the Green
function). A positive result however is given by Theorem 2.3.

THEOREM 2.3. Let E < C" be compact, regular, and polynomially convex.
Let oy, a5, ... be a countable set of points in C" such that |o;| =1 for all j and
{[a;1} ;=10 . is dense in P"~'. For d, j=1,2,.. let Q, ; be a polynomial
satisfying deg(Q, ) =d, |Qu ;| <1, and [Qy ;(2))| = 1/K4(E, ). Then

(sup (G108 104,211 )) = Viels)  for zeCr—E

d, j

Proof.

1 N %
(sup (Gox 10,21 ) ) —tog el <putlz) 229

d, j

for all [z] e P"~ " and we have equality at [«,],_, » . Hence, since the left
side of (2.23) is us.c. and the right side is continuous (by Proposi-
tion 2.1(iv)) we have equality in (223) at all points of P"~! and
Corollary 2.1 applies.

ExampLE 2.1. Let EcC be compact, regular, and polynomially
convex. Then the family of polynomials {p,(z)} ,_, » ., Where

Tch (29

Palz) Zm, (2.24)

satisfies the hypothesis of Lemma 1.1 so that

1 %
GE(Z)=<suplog |pd(z)|> for zeC—E.

az1d
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We will give an example of a set EcC? compact, regular, and
polynomially convex for which given the family of polynomials
{pmln12(zl s 22)} (my, mZ)ENZ Where

Teh ,(z}1252)
[Teh (2725

pmlmz(zl’ ZZ) = (225)

we have

1
Vie(zy,z,)# su —log |pum(2z1, 2
£(21, 22) (ml,mzl))eNz ", +m, g 1Dmm (215 25)]

at some points of C>— E.
Let 0<y<1 and let

K,={(zy,2,)eC?||z;| <1, |z,| <1and |z, — z,| <y} (2.26)

4

Then K, is compact, and polynomially convex. It is regular by a result of
Plesniak [8]. K, is invariant under (z,,z,)— (e“z,,¢"z,). Hence, a
Tchebyshev polynomial with leading term a given homogeneous polyno-
mial is given by that polynomial as may be seen by averaging over 6. Note
that [z7"z52[|x =1 since (1,1)eK,. Thus we may take p,,,,(z1,2;) =
Mz for all (m,, m,) e N2,

Now

1
sup ————log|z{"z52| =Max(log |z,], log |z,]). (2.27)
(my, mz)eNZ ml +m2

Also, from the definition of the pluricomplex Green function given in (1.5),
Vi (21, 2,) = Max(log |z, |, log |z, |, log(|z, — 25 [/7)). (2.28)

It follows that Vi (1,0)> —logy>0 whereas, evaluated at (1, 0), the
function on the right side of (2.27) has value 0.

3. POLYNOMIAL APPROXIMANTS

Let EcC” be compact, polynomially convex, and regular. Let W(E)
denote the closure in the sup norm on E of the functions holomorphic in
a neighborhood of E. In the one-variable case, Mergelyan’s theorem states
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that W(E) coincides with the functions continuous on E and holomorphic
in its interior. We let, for R> 1,

Ep={zeC"|V(z)<log R}. (3.1)

Let fe W(E) and let B,(d=1, 2, ...) be a sequence of best approximants
to f from 27 (the space of polynomials of deg <d in n variables). Let f,
denote the sum of terms in B,, homogeneous of degree 4. That is, if
deg(B,) <d then f,=0 but if deg(B,) =d then f,=B,.

THEOREM 3.1. Let R> 1. Consider the following four properties:

fextends holomorphically to Eg, (3.2)
- 1
: _ d 2
Tim f Bl < (33)
T a1
lim [ Tchy ] <. (3.4)
d— R
— 1
Tim —log |6,(2)] —log |21 < pe([]) ~log R
for all zeC"—{0}. (3.5)

Then (3.2) < (3.3) < (3.4) = (3.5).

Proof. That (3.2) and (3.3) are equivalent is a result of Siciak [12,
Theorem 8.5] generalizing the one-variable results of Bernstein and Walsh.

We will first prove the equivalence of (3.3) and (3.4). The method of
proof is the same as that of [2].

(3.3)=(34). Let {B,} be a sequence of polynomials satisfying (3.3).
Let r satisfy 1 <r < R. Then there exists a positive integer d,, such that for
all d>d, we have || f—B,| z<r “ Now, for d>d,+ 1

ITchy Ball e<IBa=By 1l e <|By=fle+ 1By s —fle<r (1 +r).

Hence lim, || Tch; B, | }/“<r~' and since this holds for all r<R, (3.4)
holds.

(3.4)=(3.3). Let r satisfy 1 <r<R. Then there exists a positive
integer d,,, such that, for all d>d,, we have

1
[Tchy Byl e <

o
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Now, for d>d,

If=Balle <|f=Basrl g+ I Tehg Byl e
= f=Baiillg+r 0.

Repeating the above reasoning on || f—B,, g |f—Basizlles - we get
If—Byllz<r “(r—1). Hence lim,_ . |f—B,|¥*<1/r and since this
holds for all » <R, (3.3) follows.

(3.4)=(3.5). As above, let r satisfy 1 <r < R. There exists a positive
integer d, such that for d>d,, | Tchy B,/ <1/r. That is,

1
10gr+glog|TchEﬁd(z)|<0 on E.

But Tchy f,(z) is a polynomial of deg d (or identically zero) so the left-
hand side in the above inequality is in the class % (or identically, —c0).
Thus

1
log r+—log [Tehy By(2)| < Vp(z)  forall zeC”

It follows that logr+(1/d)log|f.(z)|—log|z|<pg([z]) for all
ze C"—{0}. Since this holds for all d>d, and all r <R, condition (3.5)
follows.

For n=1, pg(z)=pg, the Robin constant of E. For B,(z)=
B.z%+ (lower order terms), condition (1.4) of Theorem 1.2 and condition
(3.5) of Theorem 3.2 are equivalent.

The fact that (3.5)=(3.2) in the case n=1 is due to Wojcik [17].
Theorem 3.2 below shows that (3.5) = (3.4), in the case n> 1, by applying
it to the polynomials R‘B, where {f,} satisfy (3.5).

For n=1 all homogeneous polynomials are constant multiples of
monomials. For n>1, this is, of course, not the case and proving the
estimates on Tchebyshev polynomials needed to show that (3.5)=-(3.4) is
more complicated.

THEOREM 3.2. Let E be compact, regular, and polynomially convex. Let
{Qd} be a sequence of homogeneous polynomials with deg(0,)=d (or
0,=0) for d=1,2,3, ... Suppose that

lim llog [0.(2)| —log |z| < px([z]) for all zeC"—{0}. (3.6)

d%cﬁd
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Then

fim |Teh, O, 4/<1. (3.7)

d— o

The first step in the proof of Theorem 3.2 is Lemma 3.1.
For f holomorphic on an open subset of C" we will use the notation

af =>7_, (0f/0z;) dz,.

LemmA 3.1. Given &>0, there exist finitely many polynomials
Wi, ... W, satisfying (3.8), (3.9), and (3.10) below.

Wl z<1  for j=1,..s (3.8)
log |W-(Z)|>
Max, oo, | ——L2— -1
w1cses (g )~
=pe([z])—e¢ forall zeC"—{0}. (3.9)
For any subset of cardinality n, {i,, .., i,} = {1, .., s}, then
AW, ANdW,_ A -~ AdW, £0  on C". (3.10)

Proof (of Lemma 3.1). Let B={zeC"||z| =1}. Given z, € B and ¢>0,
there exists, by Proposition 2.2, a polynomial p such that |p| <1 and

log | p(z)]

&
deg(p) >pe([z0]) =5 (3.11)

Since p is continuous on P"~1, there is a neighborhood N of z, in B such
that

log | p(z)|

> z])—e forall zeN
deg(p) pe([z])

where N denotes the closure of N.

Finitely many such neighborhoods N, ..., N, cover B and the associated
polynomials p,, ..., p, satisfy (3.8) and (3.9). We may also assume p,, ..., p,
are all of the same degree, say D, since (3.8) and (3.9) are unchanged if any
of the polynomials is raised to a power. To obtain polynomials which also
satisfy (3.10) we will first consider small perturbations of p,, ..., p, given by

q;(n;, 2)=p;(2) +nzap”  for j=1,..5 (3.12)

where 7= (7, .., n,) €C* and a; e C" — {0}. Here {z,o;> =37 _| z; 2.
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The «,, ..., a, are chosen so that any subset of n of them is linearly inde-
pendent. This implies that, for any subset of cardinality n, {i,..,i,} <
{1,.., s}, we have

d({z,0; )7 A - Ad({z,0,5P)#0 on C". (3.13)
We set
Wi, =Ly (3.14)
lg;(n;> 2)|l £

We will show that there exists a point #€ C*® so that the corresponding
w,, .. W, satisfy (3.8), (3.9), and (3.10) by showing that (3.8) and
(3.9) are satisfied for all 7€ C* with |y| sufficiently small and (3.10) is
satisfied for all # in a dense open set in C*. For [;| sufficiently small,
lg;(n;, z)| g #0, so W, satisfies (3.8).

Note that

q4;(ny, 2) = p;(z) + <z ;)" (3.15)
Given ¢ >0, for |7, sufficiently small, it follows from (3.12) and (3.14) that

1

Blog|c]j(;7j,z)|—e forall zeN,.

J

1 .
Blog \W;(n;, 2)| = (3.16)

Also, from (3.15),

1 1 _
Blog 14;(n;, 2)] >Blog |9;(z)] —¢ forall zeN, (3.17)

and, from the definition of p;(z),
1 R _
Blog 19,(2) = pe([z]) —e forall zeN,. (3.18)

Combining (3.16), (3.17), and (3.18) we see that W,(y,, z) satisfies (3.9)
(with 3¢ replacing ¢) for all |5;| sufficiently small.

For any subset of cardinality n, {i,..i,} ={1,..s}, we consider
dq; n --- Andj; and using (3.12) we expand this as a polynomial in
Mi» - 1;, (With differential forms as coefficients). It is a polynomial of
degree n with term of degree n,

<]_[ '7;k>d(<2, o> P) A e A d(Kz ) P). (3.19)
k=1
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Using (3.13) we conclude there is an open dense set G, = C” such that, if
(1,5 1, )€Gy, then dg; A --- A dg; #0 on C". Now, by (3.14), Wj is a
non-zero constant multiple of §; (for j=1,..,s) except for at most one
value of #;, so we may conclude there is an open dense set G, = C* such
that for # € G, (3.10) is satisfied.

This completes the proof of Lemma 3.1.

Proof (of Theorem 3.2). Let Wy, .., W, satisfy (3.8), (3.9), and (3.10)
of Lemma 3.1. Consider, for R, .., R, real and positive, the polynomial
polyhedron

Ye=Y(R,, ... R,)={zeC"||W,(z)| <R, for j=1,..,s}. (3.20)

Y, is compact since (3.9) is satisfied. It is connected since each W, is
homogeneous, so Yy is, in fact, starlike with respect to 0.

Now, Y(T,, .., T,) is a Weil domain if for every integer /, 1 </ <n, and
every subset of cardinality ¢, {i,, .., i,} = {1, .., s}, then (Tf], . T;)is a
regular value of the mapping

= (W, 2 s | W, ). (3.21)

Equation (3.10) implies that dW, A --- A dW, #0 on C" so that it follows
from standard results in algebralc geometry (e g., [ 11, Theorem 6, p. 50])
that the range of the map z — ( W,l . W, ,) is an open dense set in C’ (in
fact, the complement of an algebraic Varlety) Thus, there is an open dense
set Go(R*)* such that for (T,,.., T,)eG then for every integer /,
1</<n, and every subset {i,,..i}<{l,..s}, (Tf], ., T7) is in the
range of the mapping given by (3.21). Thus given any 7>0, and 0 <d < 7,

there are real numbers 7', ..., T, satisfying
T—o<T,<T+0 for j=1,..,s (3.22)

such that Y(T,, .., T,) is a Weil domain. Fix T, T, ..., T, sufficiently large
and o sufficiently small so that Y(T74, .., T,) is a Weil domain, (3.22) is
satisfied, and E< Y(T,, ..., T,). Y(T,, .., T,) will be denoted simply by Y.
We will apply Weil’s integral formula to O,(z). (For Weil’s integral
formula and related notions we will use the notation of [10].)

We obtain an expansion [ 10, Theorem 2, p. 165]

M8

Qd:

Y A2 (Wi(2))* (3.23)

%l
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where k = (k,, ..., k,) and I= (i, ..., [,) are multi-indices. The inner sum is
over multi-indices I=(i,, .., [,) with 1<i, < --. <i,<s. The coefficients
A;(z) are given by

f 0.(0) Ky(z,0) dC
(2mi)" o (W () + T (W, ()t

2
1

Al(z) = (3.24)

where g, is a suitably oriented edge of the Weil domain, ¥(T4, ..., T,), and
K (z,{)=det(P})  jlI=1,..n, (3.25)

and the functions P’ come from the Hefer expansion

n

WI(C) - Wi(z) = Z (&:1'_217) Ply((ﬂ Z)' (326)

v=1

We will take

I/f/i(zl '”val’Cv'”é/}1)_Wi(Zl9 2y Gy Cn)

Pi.2)= —

(3.27)

Since each W, is homogeneous of degree D, K,(z, ) is homogeneous in
(¢, z) of degree n(D —1). Thus K,(z, {) and A}(z) are considered as polyno-
mials in z of degree <n(D—1). We will write them as a sum of
homogeneous polynomials in z

n(D—1)
K/(z 0= ) K..(z0) (3.28)
r=0
and
n(D—1)
Alz)= Y AL (2. (3.29)
r=0

Of course, Ai, Az) is given by the integral (3.24) where K;(z, {) is replaced
by KI, r(Z: C)

Now Q,(z) is homogeneous of degree d and so equating terms of the
same homogeneity in (3.23) we have

n(D—1)
O,2)= Y Y Y A=)k (3.30)

r+D |k|=d
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This is a finite sum. Let

n(D—1)

Hy(z)= Y Y X A ()W) (3.31)
k 7 r=0

r+D |k|=

That is, H,(z) is obtained from the expression (3.30) for O,(z) by replacing

W, by W,. H,(z) is polynomial of degree d and H,(z)=Q,(z). Thus, by

definition, |Tch; Qu(2)| < ||H4(2)| z and we will now estimate | H,(z)] z.
Using (3.8) we have

n(D—1)

1H | < Z Z >4 Dl (3.32)

r=0
r+|k\D

We will use (3.24) to estimate || A ,’(’,H £ Using (3.9) and the hypothesis of
Theorem 3.2 we have

1 A 1 .
hm — log |Q,(2)] < Max < log |W_,-(z)|>+a

d— o d <j<s

for all ze C"— {0}. Hence, for z€ Y, and using (3.22),

fim — log 0,(2)] <log T+ 1

d— oo
and then using Hartogs’ lemma and exponentiating,
m Q] y<(T+6)"” e (3.33)
d— o

Then, since Ec Y and each o, has finite volume, there is a constant
C> 0 such that for all f continuous on Y and all I, r

1 n
H<27‘c> | 1ok z0a) <cifiy (3.34)

Thus we have
HAi,rHEg C(T_é)i(‘k‘+") (T+ 5)“’/0 ez;tl‘

Using (3.32) and the fact that the number of terms in the sum on the
right of (3.32) is bounded by a polynomial in d we have

|H,| < C (polynomial in d)(T — &)~ ¥+ (T +§)¥P e*.  (3.35)
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For non-zero terms in (3.32) we must have

_n(D—1
d=nD=1 <. (3.36)
D D

As d— oo, |k|/d— 1/D for all k satisfying (3.36). Hence,

e, (3.37)

- ) - T+6
lim | Tch O, /< lim |ch|¥"<< * >
d— oo d— oo

T—06

But J, ¢ >0 are arbitrary so Theorem 3.2 follows.

COROLLARY 3.1. Let fe W(E) and let {B,} ,_, ». .. be a sequence of best
approximants to f from P%. Suppose that, for some &, € C"— {0},

— 1
dlinio 4 log [B.(&o)l —log |Eol = pr([<o])

Then f is not analytic on E (i.e., in a neighborhood of E).

Remark 3.1. In the case n =1, the above condition is necessary and suf-
ficient for f'e W(E) not to be analytic on E [2, Theorem 2.1].

Letd,(E)=sup,, _, |Tchy z*| pand let d(E)=lim, , . (d,(E))"". Szczepanski
[14] proved the following result.

THEOREM 3.3. Let fe W(E) and let {B,},_, , 5 . be a sequence of poly-
nomials, best approximants to f from 2. Suppose ., =73, _, a, ,z% and that,
for some R> 1,

o 1/r 1
li =—. 3.38
(3 el) = (338)
Then f extends to be holomorphic on Ey.

This result follows from Theorem 3.1, since

[Tchy B,z < Z |ar,oc| [Tchg z%| g

|| =7

< Y la,.] (d(E)).

lof =7
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Hence if (3.34) is satisfied we have lim [|Tchy f,[|% < 1/R and condition
(3.4) of Theorem 3.1 is satisfied. e

Szczepanski’s necessary condition [14, Theorem 2.6] for fe W(E) to
extend holomorphically to Ey is that, for any sequence { B,} of best approx-
imants to f from 27, we have

fim |ﬂdi/"<<
d— oo

RCm(E)> (3.39)

where 4 is the unit polydisc in C" and

log <Cm1(E)> = lim {sup V(rz)—logr}.

T %0 zed

We will show that (3.39) can be deduced from (3.5).
Now, if (3.5) of Theorem 3.1 holds and using the definition of Robin func-
tion, we have, for all ze C"— {0},

1 —
lim y log |f.(2)|< lim Vg(iz)—log|A| —log R. (3.40)
|A] = o0

LeC

If we restrict z to 4, the right-hand side of (3.40) is

< lim {sup V(rz)—logr} —log R.

r=> %0 zed

Taking the sup of z e 4 of the left-hand side of (3.40), we have

I | _
lim 7 log |B4(2)| 4 < lim {sup Vy(rz) —logr} —log R

d— r zeA

which, taking exponentials, gives (3.39).

ExampPLE 3.1. We will give an example of a function f where (3.4) is
satisfied for some R > 1 but (3.38) is not satisfied for any R> 1. We use the
set K, of Example 2.1.

For m,, m,, r integers >0, we have (see Example 2.1)

Tch,(y2’1’112'2”2=z§”12'2”2 and TchKy(zl—zz)’z(zl—zz)’. (341)
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Thus using the notation of Theorem 3.3 we have d/(K,)=1 for all
r=1,2,3,..s0 dK,)=1. Let f(z,,z,)=1/(2y— (2, —z,)) and let B(t)=
b,t" + (lower order terms) be the best approximant from 2}, to 1/(2y —¢) on
|| <y. Then

- 1
fim |b,.|‘/’=2—y. (3.42)

B,(z, —z,) is a best approximant in 2 to f on K, as may easily be deduced
by considering the linear automorphism of C*=(z,, z,) = (z; — z,, z;) and
B,=b,(z, —z,)". Using (3.41) and (3.42) we have

hm [Tchg B, V=1, (3.43)
and (3.4) is satisfied for R=2. But f,=3,,_,a, ,z* and
Y la,.1=0b2 li < Yo |>l/r ! ! (3.44)
a, . g so lim a, . =—>— .
o] =r "% \|o|=r | 7 d(Ky)

so (3.38) is not satisfied for any R> 1.
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